Using the simultaneous Infra-Red (IR) and X-ray light curves obtained by Kalamkar et al. (2016) , we perform a Fourier analysis of the IR/X-ray timing correlations of the black hole X-ray binary (BHB) GX 339-4. The resulting IR vs X-ray Fourier coherence and lag spectra are similar to those obtained in previous studies of GX 339-4 using optical light curves. In particular, above 1 Hz, the lag spectrum features an approximately constant IR lag of about 100 ms. We model simultaneously the radio to IR Spectral Energy Distribution (SED), the IR Power Spectral Density (PSD), and the coherence and lag spectra using the jet internal shock model ISHEM assuming that the fluctuations of the jet Lorentz factor are driven by the accretion flow. It turns out that most of the spectral and timing features, including the 100 ms lag, are remarkably well reproduced by this model. The 100 ms time-scale is then associated with the travel time from the accretion flow to the IR emitting zone. Our exploration of the parameter space favours a jet which is at most mildly relativistic (Γ < 3), and a linear and positive relation between the jet Lorentz factor and X-ray light curve i.e. Γ(t) −1 ∝ L X (t). The presence of a strong Low Frequency Quasi Periodic Oscillation (LFQPO) in the IR light curve could be caused by jet precession driven by Lense-Thirring precession of the jet-emitting accretion flow. Our simulations confirm that this mechanism can produce an IR LFQPO similar to that observed in GX 339-4.
. Comparison of the jet SED predicted by model A (see Table 1 ) to the radio IR, optical and X-ray measurements of K16 (in red). The synthetic SED represents an average of the simulated jet emission over 100 ks, it is shown by the solid curve. The model shown by the dotted curve adds the contribution from a self-irradiated accretion flow that was obtained from a fit of the data with the diskir model (see Appendix A and Table A1 ). Both data and model are de-absorbed. The de-reddened IR and optical fluxes are obtained using standard interstellar extinction law (Cardelli et al. 1989 ) with A V of 3.25 (Gandhi et al. 2011; K16) . In the X-rays we used our best fit hydrogen column density N H = 6.1 × 10 21 cm (see Appendix A).
band noise and Quasi periodic Oscillations, QPO) over a broad multi-wavelength range from X-rays to Optical and Infra-Red (OIR) bands Gandhi et al. 2010, hereafter G10; Casella et al. 2010 hereafter C10; Motta et al. 2011; Gandhi et al. 2011; Kalamkar et al. 2016 hereafter K16, Vincentelli et al. 2018 . The aperiodic X-ray variability is now generally believed to be caused by inwardly propagating fluctuations in the accretion flow (Lyubarskii 1997; Arevalo & Uttley 2006) , while the X-ray QPOs could be related to relativistic precession (Stella & Vietri 1998; Ingram 2016 and reference therein) . In general, the fast OIR variability of black hole X-ray binaries can be caused either by reprocessing of the variable X-ray emission by the outer disc (O'Brien et al. 2002) , or by the variable synchrotron emission of the X-ray corona (Fabian et al. 1982; Merloni, Di Matteo & Fabian 2000) , or possibly a combination of both (Veledina, Poutanen & Vurm 2011; Poutanen & Veledina 2014; Veledina et al. 2017) . Alternatively, it could arise from variable synchrotron emission in the jet (Kanbach et al. 2001; Hynes et al. 2003; Malzac et al. 2003; Malzac, Merloni & Fabian 2004) . The variable OIR emission would then originate from the base of the jet emitting region at an elevation of 10 3 -10 4 gravitational radii 1 above the black hole (Malzac 2013; Malzac 2014, hereafter M14; Gandhi et al. 2017) .
In GX 339-4, the jet interpretation of the OIR variability is strongly favoured (G10; C10; K16). Indeed, the OIR light curves are weakly correlated with the X-ray band and the OIR band lags behind the X-rays by about 100 ms (G10; C10). The OIR variability and its time response to 1 The gravitational radius of a black hole of mass M is defined as R g =G M/c 2 , where G is the gravitational constant and c the velocity of light.
the X-ray are too fast to be caused by disc reprocessing. The OIR lags are also quite difficult to explain in terms of synchrotron emission in the corona. In the synchrotron emitting hot flow model of Veledina et al. (2011) , one would expect the opposite behaviour (X-rays lagging behind OIR), or no lag at all. This model also predicts an anti-correlation between the X-ray and optical light curves. Although such an anti-correllation is observed in some sources (e.g. XTE J118+480 or Swift J1753-0127), in the case of GX 339-4, the observations show a positive correlation (at high Fourier frequencies at least). The 100 ms time lag is equally difficult to reconcile with a scenario in which both the OIR and X-rays are synchrotron emission produced by the jet (e.g. Markoff, Falcke & Fender 2001) , because, in this case, the optically thin synchrotron emission in IR would be produced by the same population of leptons as the X-rays, although in this case the lag could be related to the cooling time-scale of the relativistic electrons (see discussion in C10).
On the other hand, the 100 ms lag can be naturally associated with the travel time between the accretion flow (producing the X-rays) and the OIR emitting region in the jet (Kanbach et al. 2001; Hynes et al. 2003; Eickenberry et al. 2008; G10, C10, K16, Gandhi et al. 2017) . Hence, the OIR variability features of GX 339-4 have been attributed to jets. If this interpretation is correct, the study of the correlated Xray and OIR timing in this source may allow us to probe the dynamics of accretion ejection coupling and test jet models.
So far, the only detailed time-dependent emission model for compact jets in X-ray binaries is the internal shock model (Jamil, Fender & Kaiser 2010; Malzac 2013; M14) . As in similar models, developed in the context of gamma-ray bursts (Rees & Meszaros 1994; Daigne & Mochkovitch 1998; Bošn-jak, Daigne, & Dubus 2009) and AGNs (Rees 1978; Spada et al. 2001) , it postulates fluctuations of the velocity of the jet. These variations of the jet velocity are generated by the central engine and then propagate along the jets. At some point, the fastest fluctuations start catching up and merging with slower ones. This leads to shocks in which a fraction of the bulk kinetic energy of the shells is converted into internal energy. Part of the dissipated energy goes into particle acceleration, leading to synchrotron and Compton emission. The shape of the jet Spectral Energy Distribution (SED) is almost entirely determined by the choice of the Fourier Power Spectral Density (PSD) of the jet velocity fluctuations (Malzac 2013; M14) .
The jet variability is most likely driven by the variability of the accretion flow which, in turn, is best traced by the X-ray light curves. The fluctuations of the jet Lorentz factor are thus expected to have a PSD that is similar to that of the X-ray light-curves. In Drappeau et al. (2015, hereafter D15) , we showed that an observed radio-IR SED of GX339-4 is matched by the model provided that the PSD of the jet Lorentz factor fluctuations has the same shape and amplitude as the simultaneously observed X-ray PSD. Similar results were obtained by Péault et al. (2018) who showed that the model could reproduce the evolution of the jet SED during an outburst of the black hole X-ray binary MAXI J1836-194. Drappeau et al. (2017) also suggested that the quenching of the radio emission observed in the soft state of BHBs could be related to the observed drop in X-ray variability (compared to hard state) which strongly reduces the jet radiative efficiency (see however Koljonen et al. 2018 ).
The model is also supported by the observational results of Dinçer et al. (2014) which indicate that black hole X-ray binaries with weaker X-ray variability in the hard state tend to be quieter in radio.
The internal shock mechanism is intrinsically time dependent. Besides spectral shapes, the model naturally predicts a strong wavelength dependent variability that resembles the observed one (M14; D15). Interestingly the PSD of the Lorentz factor fluctuations determines both the variability and spectral properties of the source. The spectral and timing properties are therefore intrinsically connected. However the timing properties of the model remain to be studied in detail. This is the main purpose of this paper in which we will compare the predictions of the internal shock model to the fast IR and X-ray timing observations of GX 339-4 from K16. The IR band is better suited than the optical to study and model the jet response to X-ray fluctuations, as it is less likely to be contaminated by variability from the accretion flow (both from reprocessing and synchrotron). Indeed, any component arising from the accretion flow is stronger at shorter wavelength while the jet synchrotron emission is weaker.
The data analysis is presented in section 2. In addition to the IR and X-ray power spectra which were already presented in K16 we calculate the Fourier coherence and phase/time lags spectra of an X-ray and IR light curve. In section 3, our fiducial model is presented and its predictions are compared to the observed Spectral Energy Distribution (SED), PSD, coherence and lag spectra. In section 4, the effects of jet precession are included in the model, and the consequences regarding the formation of IR QPOs are discussed. Finally, in section 5, we investigate the effects of the model parameters on the timing predictions.
OBSERVATIONS AND DATA ANALYSIS
In this work, we use the observations of GX 339-4 obtained on March 28 2010 (MJD 55283) in the hard state during the rise of its outburst in -2011 (see e.g., Cadolle Bel et al. 2011 Nandi et al. 2012; Corbel et al. 2013; Dinçer et al. 2012) . The source was observed in the IR K band using Very Large Telescope/Infrared Spectrometer And Array Camera (ISAAC), in two optical filters U and V with Optical Monitor on board XMM-Newton, in X-rays with XMM-Newton EPIC-pn and with the Rossi X-ray Timing Explorer (RXTE) Proportional Counter Array. These data were obtained simultaneously and at high time resolution allowing the study of fast variability. We refer the reader to K16 for the details of the data analysis. Quasisimultaneous observations were reported in the radio band with ATCA (Corbel et al. 2013) , and H,J,I,V bands with SMARTS . The observed radio to X-ray SED is displayed on Fig. 1 .
The unabsorbed 0.1-200 keV flux is about 3 × 10 −8 erg/cm 2 /s. At the distance of 8 kpc and for a black hole mass of 10 solar masses which we will adopt in this paper (see section 3.1) this corresponds to an isotropic luminosity of 2.3 ×10 38 erg/s, or equivalently, 18 percent of the Eddington luminosity,
The detection of the first QPO in the IR band in a black-hole X-ray binary was reported in this data set by K16. Table 1 ) to the observation of K16. The black symbols shows the measured X-ray (bottom panel) and IR PSD (higher panel). Bottom panel:
The dashed lines show the Lorentzian components of the best fit model to the X-ray PSD (as in K16). The solid curve shows the PSD of the jet Lorentz factor fluctuations which were generated using the best fit model of the X-ray PSD. Top panel: The solid curve shows the resulting model IR PSD, while the dashed curve shows the same model but with normalisation reduced by a factor of 10 to match the data.
QPOs in the two optical bands (V and U) were also reported at the same frequency as the infra-red QPO (∼0.08 Hz). Interestingly, these QPOs were at half the frequency of the observed X-ray QPO (classified as type-C; Wijnands et al. 1999; Casella et al. 2005 ) at ∼0.16 Hz; a weak sub-harmonic close to the IR and optical QPO frequency was also reported in the X-rays. The power spectra also showed the presence of broad-band noise components. It can be decomposed into three broad Lorentzian components (and two QPOs) in the X-ray band and two broad components (and one QPO) in the IR band (see K16). The X-ray and IR PSDs are displayed in Fig. 2 .
Using the same light curves as reported in K16 for the power spectral studies, we perform cross spectral analyses to compute the coherence and phase lags between the IR band and X-rays (from the RXTE data); due to poor statistics the optical/X-ray coherence and phase lags are poorly constrained and hence not presented here. The coherence function provides a measure of the degree of linear correlation between two time series as a function of Fourier frequency, while the argument of the complex cross spectrum provides the phase lag between the two time series (Bendat & Piersol 1986 , Nowak et al. 1999 , Uttley et al. 2014 . All cross spec- Table 1 ) to the observation of K16. The red curve shows model coherence (top), phase lag (middle panel) and time lags (bottom). The data are shown in black. The dotted curves in the middle panel show the best-fit Lorentzian profile for the main IR (red) and X-ray (blue) QPOs plotted with arbitrary absolute, but exact relative, normalization.
tral products were computed using the procedures described in Uttley et al. (2014) . In particular, following Vaughan & Nowak (1997) , we estimated the intrinsic coherence to take into account the Poissonian noise contribution. The computation was made using 1024 bin per segment (total length T= 38 s) and a logarithmic rebinning factor of 1.2.
The coherence is shown in the top panel of Fig. 3 . It is weak and flat but significantly above zero between 0.3-2 Hz and falls steeply, together with the power spectrum, above 2 Hz. The coherence below 0.3 Hz is weak and has large uncertainties. The unconstrained coherence below 0.3 Hz occurs in conjunction with two different Lorentzian components dominating below 0.3 Hz in the power spectrum, which may be related to the loss of coherence (Vaughan & Nowak 1997) . Similar shape and strength of the coherence function was reported in this source by G10 in a decaying state (in 2007) in the optical/X-ray bands. An optical QPO was also reported in this observation, but without a simultaneous detection in X-rays. In both cases, the coherence value at the QPO frequency is consistent with the broadband noise continuum.
The phase lags between the IR/X-ray bands are shown in the middle panel of Fig. 3 . A positive value indicates an IR lag against X-rays. As the lags are defined between -π to +π, the lags jump to -π once these become higher than +π. The corresponding time lags can be calculated by dividing the phase lag by 2π f , which are shown in the bottom panel of Fig. 3 . The IR phase lag increases smoothly in the range 0.3-6 Hz, which can be associated with the observed slowly decreasing time-lag which keeps an amplitude of the order of 100 ms in this frequency range. The phase lags at 0.05 Hz and 0.1 Hz, lie on the 0.3-6 Hz lag extrapolation (constrained by large errors) and appear to switch to a negative value. Similar behaviour at low frequencies was reported in this source in the optical/X-ray bands by G10. However, at and around the optical/IR and X-ray QPO frequencies, the lags appears to be positive which is observed for the first time. This indicates a connection between the QPOs where the X-ray QPO (at 0.08 Hz) leads the IR QPO. Moreover, although no IR QPO is detected at 0.16 Hz, a positive phase lag is also observed at that frequency.
MODELLING

ishem
We use ishem, the numerical implementation of the internal shock model described in M14. In this model, the continuous jet is approximated as a collection of a large number of uniform small-scale ejecta. Homogenous shells of gas are continuously ejected at the base of the jet with variable Lorentz factors and at uniform time-intervals comparable to the dynamical time-scale of the inner accretion flow ( 9.941 ms for the simulations shown in this paper). Unless specified otherwise, we assume that the shells are all ejected with the same mass. The ejecta travel along the jet and expand according to the fixed half-opening angle φ of the conical jet. Due to their different velocities they may collide and merge with other ejecta. The code follows the propagation and hierarchical merging of the shells. Supersonic shell collisions lead to the formation of shocks. During the duration of the shock crossing time, a fraction of the kinetic energy is gradually converted into relativistic leptons and magnetic field according to fixed equipartition factors. The lepton energy distribution is assumed to be a power-law energy distribution with index p, n e (γ) ∝ γ −p , for lepton Lorentz factor γ in the range, γ min < γ < γ max , with γ min , γ max and p being fixed parameters. The time dependent synchrotron emission of the shocked ejecta is calculated taking into account the expansion of the shells. The energy losses due to adiabatic expansion are taken into account but radiation losses are neglected. Inverse Compton emission may lead to gammaray emission, but does not contribute in the radio to IR frequency range. It is neglected in the current version of ishem.
We follow the approach of Drappeau et al. (2015 Drappeau et al. ( , 2017 which assumes that the variability of the jet is driven by the accretion flow which in turn can be traced by X-ray light curves. In practice, we generate fluctuations of the jet Lorentz factor which have the same PSD as the observed X-rays, both in shape and amplitude of variability. For the present study, the fluctuations of the jet Lorentz factor are generated according to the best fit multi-Lorentzian model to the RXTE power spectrum obtained in K16 (and shown Fig. 2 ). This entirely determines the shape of the model SED. The other parameters of the models such as the time averaged jet kinetic powerP J , the jet half-opening angle φ, average jet Lorentz factorΓ, and inclination angle between the jet axis and the line of sight i, only allow the SED to be shifted in frequency or in normalisation, but do not affect its shape. Throughout this paper and unless specified otherwise, for the purpose of comparison we use the same parameters as in D15. In particular, the mass of the black hole is set at 10 M ⊙ , the inclination angle i = 23 • at a distance of 8 kpc. These values were adopted by D15 because they were both in agreement with the existing published observational constraints on mass and inclination, and also allowed to fit the SED of GX339-4 with reasonable ishem parameters (see discussion and references in D15). We note however that a recent near-IR study by Heida et al. (2017) suggests a lower mass (2.3 M ⊙ < M BH < 9.5 M ⊙ ) and a larger inclination in GX 339-4 (37 o <i<78 o ) . A lower mass has no impact on the result of our modelling, it changes only the estimate of the Eddington Luminosity and therefore the jet power and Xray luminosity would be higher when expressed as Eddington fractions. The effects of a larger inclination will be illustrated in section 5.1. We note also that the jet is not necessarily perpendicular to the orbital plane of the binary system and therefore the jet inclination that we use in ishem may differ from the orbital inclination constrained by spectroscopy of the donor star.
Following D15 we also assume that during shell collisions, half of the dissipated energy is converted into relativistic leptons and the remaining into turbulent magnetic field.
We list the models considered in this work in Table 1 . Model A is our basic model discussed in section 3.2. In Model A' the parameters are modified so that the IR emission is dominated by the outer disk instead of the jet (see section 3.3 and Appendix A). Model B and the following other models, assume that the jet precesses at the frequency of the IR QPO and that the X-ray QPO does not contribute to the variability of the jet Lorentz factor (see section 4.3). Models C1 to C4 are similar to model B but consider variations of the jet inclination angle i (see section 5.1). Models D1 to D5 consider variations of the jet Lorentz factor (section 5.2). Models E1 to E3 explore different prescriptions for the relation between the X-ray light curve and jet Lorentz factor (see section 5.3), while model F1 to F4 are similar to the E models but assume that the ejected shells have a variable mass and a constant kinetic energy. In all models except A', the jet half-opening angle φ and kinetic power are adjusted so that the SED reproduces the observed radio and IR fluxes.
Spectral energy distribution
When comparing the spectral predictions of ishem with an observed SED, there are two possibilities:
(i) The observed X-ray PSD used for the input fluctuations in ishem leads to an SED shape that is incompatible with Table 1 ), while the red curve stands for the corresponding average IR response. These results were obtained using the event superposition technique described in section 3.4. We set the selection threshold f s = 1.4 in all panels. The selection time-scale is t s = 0.2 s for panel (a) and (c), and t s = 20 s for panel (b) and (d). the observations: then, there is no tuning of the other ishem parameters that will allow to reproduce the observation. The model cannot account for the data (at least not using the X-ray PDS as input).
(ii) The resulting predicted SED has a shape that can match the data: then, due the to strong degeneracy of the model parameters, there are many different combinations of the ishem parameters which allows one to fit the SED equivalently. Therefore the best fit model parameters cannot be uniquely determined from SED fitting. However most of the model parameters have to fulfil additional constraints originating from independent observations (e.g. measurement of distance or orbital plane inclination) or physical considerations (e.g. jet opening angle cannot be too large; jet power is unlikely to be super-Eddington in low luminosity sources). Then demonstrating that there is at least one 'reasonable' combination of ishem parameters which allows to fit the SED and also complies with all the other observational and theoretical constraints, provides additional test of the model. This may also, in turn, tighten the constraints on the jet parameters.
With the data set of K16 on GX 339-4, we are clearly in case (ii). The predicted synthetic SED (model A in Table 1 ) is compared to the radio and IR measurements in Fig. 1 .
Model A matches the data in radio and IR both in flux and spectral slopes. At higher frequencies there is an additional component from the accretion flow and the jet model alone cannot account for optical UV and X-ray data. Although this paper focusses on the synchrotron jet, for illustrative purposes, Fig. 1 Table A1 . The resulting reduced χ 2 of the fit is slightly less than unity.
The parameters of model A were chosen as follows. D15 used data that were taken 17 days (2010 March 11) before the observations considered in the present paper. They showed that the observed SED was remarkably well reproduced by the model for reasonable values of the parameters. Because we use a different PSD of the fluctuations than D15, and because both radio and IR fluxes are higher by a factor of about 2 with respect to the data used in D15, the preferred model parameters of D15 cannot be used to fit the current SED. In order to determine the best fit parameters we started with a simulation using the same model parameters favoured by D15. We then calculate by how much this model SED must be shifted both in frequency and normalisation, in order to minimise the difference between the model and the radio and IR data points (see Appendix A). The effect of each parameter on the model normalisation and typical frequencies is known analytically (Malzac 2013; M14) . This can be used to determine a new set of parameters that shifts the model frequency and normalisation by the amount required to obtain the best possible match to the data. This procedure is detailed in Péault et al. (2018) . One can then run a simulation in order to check that the new parameters give a good agreement to the data.
Since many different sets of parameters can give an equally good fit to the data, we first decided to allow the jet power and jet opening angle to differ from that of D15 and keep all the other parameters identical to that of D15. This resulted in very large jet power reaching about 0.5 L E (to be compared to the X-ray luminosity ≃ 0.18L E ) and a jet opening angle of about 10 • , much larger than the 1 • assumed in D15. Such parameters are not excluded but appear somewhat extreme. We tried other combinations and finally decided to change the energy distribution of the synchrotron emitting electrons. The minimum Lorentz factor of the accelerated electrons was set to γ min = 10 (instead of γ min = 1 in D15), and the electron power law distribution was set to p = 2.5 (instead of p = 2.3 in D15) and we used the 'slow' shock dissipation scheme while D15 used the 'fast' one (see M14 for a discussion of the 'slow' and 'fast' dissipation prescriptions). p = 2.5 corresponds to the best fit estimate from the IR optically thin slope obtained by Gandhi et al. (2011) . Together, the higher γ min and p parameters allow us to fit the data with a reduced jet power (Péault et al. 2018 ). Indeed, this leads to a best fit jet opening angle of 2.35 • and a jet power of 0.095 L E which is comparable to the X-ray power and therefore more in line with the typical value for compact jets at this level of X-ray luminosity.
We note that our approach assumes that the X-ray emission is dominated by the accretion flow. In order to self-consistently ensure that the jet synchrotron emission is negligible in the RXTE band, we introduced a posteriori a cut-off to the optically thin jet synchrotron component. This cut-off , that we set at 1 keV, could be related to the highest energy of the accelerated electrons in the jet, or most likely mimic a radiation cooling break (which is not accounted for by the simple radiation transfer scheme of ishem ). We stress that although the presence of such a cut-off is debatable, it does not affect the predictions of the model in the radio to IR band which are the prime focus of this paper (see discussions in Drappeau et al. 2017 and Péault et al. 2018) . Fig. 4 displays the jet emissivity profile for model A. At photon frequencies below 1.4 ×10 13 Hz the jet radiates in the partially absorbed regime and the emission at a set photon frequency originates from a specific distance scale in the jet: longer wavelengths are produced at larger distance in the jet. Above 1.4 ×10 13 Hz, the emission becomes mostly optically thin and originates from an extended region comprised in the approximate range 10 4 -10 6 R G with a maximum emissivity around around 2×10 4 R G . This corresponds to the range of distances probed by the IR light curves in this model.
Power spectra
ishem also produces synthetic IR light curves with high time-resolution from which we can calculate the model IR PSD. The resulting IR PSD for model A is displayed in Fig. 2 and compared to the observed IR PSD. The overall shape of the synthetic IR PSD is roughly similar to the observed one. However the model predicts a much stronger IR variability amplitude than observed. As shown in Fig. 2 the normalisation of model would have to be reduced by a factor of about 10 in order to match the data. This implies that the rms/mean variability amplitude of the model is about 3 times that observed. As already suggested by M14 the model could be reconciled to the data by the presence of an additional constant flux component in IR that would damp the observed relative variability amplitude. In our case, this requires a constant component contributing to at least 70 percent of the observed flux in the K band. A possible origin of this component could be the accretion disc or the hot accretion flow. As noted above, in the optical at least, the observed SED seems to require a dominant disc component. In Appendix A we show that the spectral data of K16 are statistically compatible with disc dominated emission in the K band (model A' of Appendix A shown in Fig 6) . However, it is very unlikely that such a disc dominated model could fit the SED compiled by Gandhi (2011) which has a much better IR coverage and was taken only 17 days before the SED of K16 and clearly shows a dominant non-thermal component dominating the K band. Another possibility could be that internal shocks are not the only dissipation mechanism leading to IR synchrotron emission in the jet. For instance, in addition to internal shocks, one can not exclude the presence of a recollimation shock close to the base of the jet. Such a standing shock is likely to form in magnetically driven jets launched from an accretion disc as the hoop stress dominates centrifugal forces and forces recollimation toward the jet axis (Ferreira 1997) . It could provide a steady energisation of the jet producing the additional constant component. This component would be significant only in IR. Indeed, the recollimation shock is expected to form close to the base of the emitting region where the particle density and magnetic field are such that the emission Table 1 ) to the radio IR, optical and X-ray measurements of K16 (in red). The synthetic SED represents an average of the simulated jet emission over 100 ks, it is shown by the solid curve. The model shown by the dotted curve adds the contribution from a selfirradiated accretion flow that was obtained from a fit of the data with the diskir model (see Appendix A and Table A1 ). Both data and model are corrected for absorption. The de-reddened IR and optical fluxes are obtained using standard interstellar extinction law (Cardelli et al. 1989 ) with A V of 3.25 (Gandhi et al. 2011; K16) . In the X-rays we used the best fit hydrogen column density N H = 5.2 × 10 21 cm (see Appendix A) at longer wavelengths is self-absorbed. The particles accelerated in this shock quickly cool down as they travel along the expanding jet, the emission produced at larger distances from the black hole (or equivalently at lower photon frequencies) would remain dominated by the internal shock mechanism. Assuming the internal shock contribution represents only 27 percent of the IR flux and fitting for the jet power and jet opening angle keeping all the other parameters at their fiducial value leads toP J = 0.22L E and φ = 13.7 • .
We note also that radiative cooling is not implemented in the current version of ishem and could affect strongly the predicted IR variability. Indeed, although in general adiabatic expansion losses dominate the cooling of the accelerated electrons in compact jets, the IR emitting region overlaps with the very base of the jet emitting region (located at a few thousand gravitational radii from the black hole see Fig. 4 ) where the magnetic field is still strong enough so that synchrotron cooling may dominate over expansion losses (see e.g. Pe'er & Casella 2009 and discussion in Chaty, Dubus & Raichoor 2011) . The implementation and study of the consequences of radiation cooling are out of the scope of this paper and are postponed to future works. One can speculate that radiation cooling may damp the amplitude of predicted IR variability down to a level closer to that observed.
Besides the PSD normalization, the shape of the predicted PSD is not completely satisfactory. As can be seen in Fig. 2 , neither the break frequency, nor the slopes of the observed PSD are accurately reproduced. Better agreement with the data may be obtained by tuning the inclination and average jet Lorentz factor (see sections 5.1 and 5.2). Indeed these parameters control the amplitude of relativistic Doppler beaming effects that, in turn, affect the IR timing response (see section 3.4). Moreover, the effects of radiation cooling, as well as the slowly variable additional component that appears required to dilute the predicted variability, may distort the shape of the IR PSD. The study of these effects and a detailed fitting of the IR PSD is postponed to future works.
Another important issue is that the model PSD does not exhibit an IR QPO. The injected fluctuations of the jet Lorentz factor contain the X-ray QPO and one could expect that feeding an oscillating Γ to the jet would result in a similar oscillation of its IR emission. However the injected QPO is not strong enough to produce a significant IR QPO. A close inspection of the model PSD suggests a very weak feature in IR at the frequency of the X-ray QPO. This feature is much weaker than the observed IR QPO and even more importantly, it is not at the right frequency, since the observed X-ray and IR QPOs are in harmonic ratio. Therefore the IR QPO is unlikely to result from the dynamics of internal shocks. Instead the production of the IR QPO requires an additional ingredient to the model. For instance, the IR QPO may arise from a contribution from the accretion flow (see Veledina, Poutanen & Ingram 2011; Veledina & Poutanen 2015) . In the context of the jet model, jet precession may lead to the formation of an IR QPO. This possibility will be investigated in details in section 4.
Synthetic IR response to fluctuations of the jet Lorentz factor
In our model the radiative response of the jet to the fluctuations of Γ is complex and strongly non-linear. In order to understand this better, it is useful to consider the average IR response to specific events in the time evolution of Γ. We can for instance, consider the response to a fast rise and then decrease of Γ (a spike) or, on the contrary a fast decrease and the recovery of Γ (a dip). To estimate this we have applied an event superposition technique to our synthetic light curves. We use the time series of the variations of Γ to select spikes or dips that we stack together. To select the events we define a threshold ratio f s and a time-scale of selection t s . The spikes then are selected according to the following criteria: The peak Γ − 1 value of the spike is f s times the local value as obtained from an average over time t s . The peak bin is further required to represent a maximum of Γ over bins within t s /2 before and after the peak bin. The selected spikes are then peak aligned and averaged. The corresponding pieces of synthetic IR light curves are also centred on the peak time bin of Γ − 1 and averaged in the same way. The dips of Γ − 1 are selected and superposed and their IR response estimated in a similar way. The minimum value of the dip is 1/ f s times the local count rate as obtained from an average over time t s and represents a local minimum over bins within t s /2 before and after. Fig. 5 displays some examples of averaged dips and flare profiles and their respective IR response. It shows that the average response to a spike of Γ is an IR flare caused by the faster than average shells launched during the spike sweeping the jet. In this case the IR flare is delayed by a time related to the travel time of the fast shells before they start catching up with the other ones, the duration of the IR flare may be much longer than the duration of the Γ spike. Interestingly, the response to a fast dip in Γ will lead to a similar IR flare. In other words the response to a dip is negative. This is because the slower shells that have been injected during the dip will soon be the targets of the faster shells that are injected after the dip. In this case however the IR response is broader and its peak is significantly more delayed than in the case of the response to a spike. Moreover, if the Γ dip is long enough the IR flare can be preceded by an IR dip because the continuously decreasing velocities in the first phase of the dip temporarily switches-off shell collisions. Overall, because the IR flux level depends on the difference of Lorentz factors of the colliding shell, on long times scales IR flux response corresponds roughly to the time derivative of the jet Lorentz factor.
However, the variations of Γ also induce a modulation of the light curve through Doppler beaming and this may affect the IR response. This effect is usually weak compared to the intrinsic shock variability. However, the Doppler effects depend on the inclination and the time-averaged jet Lorentz factor,Γ. Different choices of these parameters can change dramatically the amplitude and time-scale of the IR response.
Finally, we note that the strong QPOs that are present in the temporal evolution of Γ for model A interferes with the spike and dip selection method and induces spurious effects on the resulting IR response. For this reason the results presented in Fig. 5 were obtained from a simulation in which the X-ray QPOs are removed from the input fluctuations of Γ (model B see section 4.3 and Table 1 ).
X-ray vs IR coherence and lags
So far we have assumed that the input jet Lorentz factor fluctuations have the same PSD as the X-ray emission. This does not necessarily require that the jet fluctuations are correlated with the X-rays. Since the observations indicate significant correlations and lags between the X-ray and IR bands and since, in the model, the IR variability is driven by the fluctuations of the jet Lorentz factor, there must be a relation between the X-ray light curve and Lorentz factor fluctuations. This relation certainly depends on the physics of the dynamical coupling between accretion and ejection, which is essentially unknown. In Fig. 3 , the synthetic Xray vs IR coherence and lags have been calculated assuming that the X-ray luminosity scales linearly with the jet Lorentz factor, i.e.:
A more general model including fluctuations of the shell masses and a non-linear connection of the X-ray light curve to the fluctuations of Γ will be explored in section 5. We note that the phase lags are determined modulo 2π and since the lags are presumably small, the range between −π and +π is used to define the observed phase and time lags. However occasionally and at some Fourier frequencies the model can predict lags that are comparable or longer than the time-scale of the fluctuations. When this happens the phase lag flips from +π to −π, leading to discontinuities and sometimes strong oscillations in the phase-lag spectra. This also results in a time-lag that does not correspond to the physical time-scale predicted by the model. For the purpose of clarity of the figures, in this paper, the models lag spectra are calculated assuming a continuous lag spectrum and allowing for phase lag values outside the range [−π,+π]. The synthetic lags are first determined within [-π, +π] in the same way as the observed lags, then the potential discontinuities are removed by adding or subtracting 2π to the phase lags in the frequency range of interest. This explains for example why the model phase lags are greater than π at the highest frequencies in Fig. 3 .
Overall we find that the predictions of the model are in remarkable agreement with the observations at high Fourier frequencies. The drop in coherence at high frequencies as well as the shape of the lag spectra is well reproduced. The nearly constant 100 ms time lag, above ∼0.5 Hz is related to the travel time between the accretion flow and the IR emitting region. Taking into account the projection effects, an observed travel time of τ = 100 ms corresponds to distance along the jet of z lag ≃ τβc/(1 −β cos i) ≃ 9 × 10 3 R g , whereβ = √ 1 −Γ −2 . We note that the peak of the time average IR emissivity profile in the jet model is slightly farther away, around 2 × 10 4 R g (see Fig. 4 ). Indeed the lag depends not only on the location where the bulk of the IR emission is produced but also where the bulk of the IR variability occurs i.e. the innermost region of the jet where the first collisions occurs is much more variable. This reduces the lag by a factor of a few compared to the naive expectations.
At lower frequencies, the model predicts negative lags that are in qualitative agreement with the observations. These negative lags are caused mostly by the long time-scale IR flares driven by dips of Γ which dominate the correlation on long time-scales (because the IR response to dips is longer than the response to spikes, see Fig. 5 ). The result is that the negative response to dips at positive lags translates into negative Fourier lags. Another way to see it is to consider that at zeroth order the IR flux on long time-scales corresponds to the time-derivative of the X-ray flux (see section 3.4), so we expect a negative phase lag of -π/2 which is close to that obtained from the simulations at long time-scales.
The positive lag observed around the X-ray and IR QPO frequencies are most likely associated with the QPOs and are therefore not reproduced by this model. We note however that the synthetic coherence is enhanced at the X-ray QPO frequency confirming that the oscillations of the Lorentz factor are partially transferred to the IR band although not sufficiently to produce a strong IR QPO feature.
JET PRECESSION MODEL FOR THE IR QPO
Low Frequency Quasi-Periodic Oscillations (LFQPO) are often observed in X-rays at Fourier frequencies ranging from 10 −2 to a few Hz and rms amplitude between 3 and 30 percent. A popular model for the X-ray LFQPO involves global Lense-Thirring (LT) precession of a hot accretion flow (Ingram, Done & Fragile 2009 ). LT precession is a frame dragging effect associated with the misalignment of the angular momentum of an orbiting particle and the BH spin, leading to precession of the orbit. Numerical simulations have shown that in the case of a hot geometrically thick accretion flow, this effect can lead to global precession of the hot flow (Fragile et al. 2007 ). The hot flow precesses like a solid body, and the precession frequency is given by a weighted average of the LT precession frequency between inner and outer radii of the flow. The emission of the precessing hot flow is then naturally modulated by a mixture of relativistic Doppler beaming, light bending and Compton anisotropy. This model predicts the right range of observed LFQPO frequencies. The amplitude of the LFQPO depends on the details of the geometry and viewing angle. The rms is usually larger at high inclinations and can reach 10 percent (see Ingram et al. 2015 also for predictions of modulation of the polarisation of observed X-ray radiation). The IR QPO may be produced in the accretion flow. The precession of the hot flow may also lead to a modulation of its OIR synchrotron emission (Veledina, Poutanen & Ingram 2013) or modulation of illumination of the outer disc (Veledina & Poutanen 2015) possibly producing a QPO signal. However, because the correlation between the band limited IR and X-ray noises cannot be explained with these Figure 8 . rms amplitude of the fundamental (top panel) and second harmonic (bottom panel) of the QPO versus precession angle ψ for p = 2.3, i = 25 • for various jet reduced kinetic momenta Γβ, as labelled. The solid lines are the result for a one sided jet, the dashed lines assume that the counter-jet is visible accretion flow models, jet precession appears to be a more likely explanation for the IR QPO of GX 339-4 (see discussion in K16). Indeed, if the X-ray LF QPOs are caused by global LT precession of the hot flow and if the jet is launched from the accretion flow, one may expect the jet to precess with the flow. Recent GRMHD simulations of a tilted accretion flow and jet suggest that this is indeed the case (Liska et al. 2017 ). The (mostly) optically thin synchrotron radiation observed in IR and optical would then be modulated at the precession frequency due to the variations of Doppler beaming effects towards the observer.
Modelling the X-ray QPOs in the framework of the LT precession model requires the knowledge of the angular distribution of the radiation emitted by the accretion flow. This depends on the size, geometry density and temperature pro-file of the Comptonizing region and other details which are essentially unknown. Previous studies have assumed a certain accretion flow geometry to estimate the QPO modulation profile, amplitudes and harmonic content (Veledina et al. 2013; Ingram et al. 2015) . Our data set is very constraining for these models, in particular because in our data, the X-ray QPO appears to be dominated by the second harmonic rather than the fundamental. In the specific model of Veledina et al. (2013) , this is expected when the average angle between the line of sight and the direction perpendicular to the accretion flow is around 60 • . However at these inclinations the predicted QPO rms amplitudes are a few percents at most, significantly smaller than what is observed by K16 in GX 339-4. This appears to exclude the specific accretion flow structure used by these authors. The IR QPO amplitude and lag with respect to the X-ray will provide further constraints. Developing a full model for the X-ray QPO that can be coupled with the IR jet model to constrain the geometry of the accretion flow is beyond the scope of this paper and is reserved for future work. Instead, in the following, we will focus on the expected properties of the IR QPO caused by jet precession. In section 4.1 we will use simple analytical estimates to explore how the amplitude of the IR QPO depends on the geometric parameters, in section 4.2 the effects of the counter-jet will be discussed, then in section 4.3 we will present the results of ishem simulations taking jet precession into account.
Analytical estimates
From our modelling of the observed SED, the IR jet synchrotron emission appears to be mostly in the optically thin regime (see Fig. 1 ). For an optically thin power-law spectrum emission of spectral slope α the modulation of the observed flux is given by F j ∝ δ (2−α) , where δ = [Γ(1 − β cos i)] −1 is the usual relativistic Doppler boosting factor (see e.g. equation A19 of M14). In the case of optically thin synchrotron emission by relativistic electrons with a power-law energy distribution of index p, i.e. n e (γ) ∝ γ −p , α = (1 − p)/2. We assume that the jet precesses at a frequency f p around an axis which makes an angle i with the line of sight. The amplitude of the precession is given by the constant angle ψ between the jet and the precession axis. The modulation is then given by:
whereβc is the average velocity of the jet (velocity fluctuations are neglected), and µ = cos i cos ψ + sin i sin ψ cos 2π f p t
where t is the lab frame time of emission and its origin is chosen so that the jet direction, the precession axis and the line of sight all lie in the same plane at t = 0. In equation 2, the factor 1/Γ, appearing in the expression of δ, was omitted as it does not affect the dependence of the flux on the viewing angle. The resulting QPO rms amplitude is very sensitive to the parameters and a wide range of QPO amplitudes can be produced. Fig. 7 shows the rms amplitude of the QPO as a function of inclination angle for different jet velocities. For a face on jet (i = 0) there is no modulation as the jet is always seen with the same angle. The amplitude of the QPO increases with the inclination (at least at low i). As expected the amplitude of the QPO increases sharply with the jet velocity. If the jet is relativistic the rms reaches a maximum (which is about 40 percent for Γβ = 3) before decreasing slowly with inclination. The second harmonic has an amplitude that is about a factor of 10 lower than the fundamental. As shown in Fig. 8 , the QPO is also very sensitive to the precession angle ψ and its fractional rms amplitude increases very quickly with ψ and can quickly reach values that are larger than 100 % in the fast jet case. We note that the amplitude of the QPO could be strongly reduced, if a non-jet constant component is present in IR. The level of constant flux inferred from the modelling of the IR PSD of GX 339-4 (see Sect. 3) would reduce the fractional rms by a factor of ∼3.
Effect of counter jet
Depending on the geometry of the binary system and accretion flow, the counter jet may be visible, adding a contribution to the modulation. We assume that the jet and counter jet are symmetric and have the same temporal emission pattern. We note that the counter jet emission lags behind that of the jet because of the longer photon travel time to the observer. However, the jet IR emitting regions are close to the black hole. The observed X/ IR lags indicate that it takes only ∼100 ms for the information to travel from the inner part of the accretion flow to the IR emitting region. Photon travel time delays should be at most of this order and can be safely neglected against the ∼ 10 s time-scale of the precession. The modulation profile can then be approximated as:
The resulting QPO amplitude of the two-sided jet model is also shown on Figs. 7 and 8. At low inclination and large Lorentz factor, the contribution from the counter-jet is negligible due to Doppler beaming effects. At large inclination and lower jet velocity, the counter-jet component becomes comparable to that of the jet but shifted in phase by half a precession period. As the jet and counter jets emission are anti-phased, the effect of the counter-jet is then to reduce the amplitude of the oscillation which goes down to zero in the fundamental for edge-on inclinations. Interestingly the effect is much weaker in the second harmonic which can become dominant at large inclinations. This is because a shift by half a precession period corresponds to a full period of the second harmonic. Overall, the effects of the counter jet is significant only in slow jets or at large inclination, when doppler boosting is minimal.
Moreover, the IR emitting region of the counter-jet is likely to be obscured by the accretion flow. Its visibility depends on the elevation z IR of the IR emitting region, on the size of the accretion disc R d and the viewing angle i. The counter-jet is visible only if i < tan −1 (R d /z IR ). In GX 339-4, the orbital measurements of Heida et al. (2017) indicate R d ∼ 3 × 10 11 cm. For an elevation of z IR ∼ 10 4 R G ∼ 1.5 × 10 10 cm, visibility of the counter-jet would require i > 87 • , which is larger than all current estimates of the orbital inclination of GX 339-4. Alternatively, if the disc is truncated in its inner parts, the IR emitting region of the jet could be visible through this central hole in the accretion disc. Assuming that the IR radiation is not absorbed or scattered in the hot inner flow and ignoring light bending effects, visibility requires a viewing angle i < tan −1 (R in /z IR ). During the observations considered in this paper, the source was in a bright hard state in which the inner radius of the disc, R in cannot be very large (see e.g. Plant et al. 2015; De Marco et al. 2017 ). Assuming R in < 100 R G ≃ 1.5 × 10 8 cm would require i < 0.6 • to be able to see the counter jet. This is smaller than all current estimates of the orbital plane inclination. It is therefore very unlikely that the counter jet of GX 339-4 is visible at IR wavelength and from now on we will consider only the emission from the jet pointing toward the observer.
Jet precession in ishem
In the context of the internal shock model, the randomly variable velocity of the jet as well as the dynamics of shell collisions could significantly reduce the amplitude of the oscillations. In order to investigate this issue, jet precession was implemented in ishem. The main features of the numerical model are the following:
We assume each shell is ejected in a slightly different direction, according to the precession direction at the time of ejection, and then propagates ballistically. When two shells collide their 3D momenta are added up so that the resulting shell then travels in a direction that is closer to the precession axis. In this process the precession is gradually damped along the jet as the hierarchical merging of the ejecta takes place. At large distances, where the jet is constituted mostly by the product of collisions of many shells that were ejected over a time > ∼ 1/ f p , the radial component of the velocity has vanished and their trajectory is almost exactly along the precession axis. Therefore, precession occurs only close to the base of the jet and does not have a significant effect on the jet opening angle measured at large distance e.g. from radio measurement. It does not lead to a jet opening angle much larger than observed as could be expected if the whole jet precessed with the hot flow.
In this exploratory version of the model, the trajectory of the ejecta is followed only in 1 D along the z axis. In this scheme, we consider that a collision occurs exactly as in the non-precessing model when two shells reach the same elevation. We do not consider the amount of 3D overlap of the shells or indeed the possibility that an incoming ejecta may 'miss' its target due to too different trajectories. This however is a reasonable approximation as long as the precession angle is not too large compared to the jet opening angle.
In the simulations presented in this paper, we assume that the IR emitting region of the counter jet is hidden from our view, only the emission from the jet pointing towards the observer is taken into account.
The modulation predicted by equation 3 is perfectly periodic and would imply that the QPO profile in the PSD is a delta function. However, the observed X-rays and IR QPOs both have a significant width. This implies that the amplitude, the frequency and/or the phase of the oscillations vary in time. In the context of the LT precession model this could in principle be caused by modulations of the precession angle or frequency driven by fluctuations of the mass accretion rate and accretion flow spin axis. However to our knowledge, those coherence breaking mechanisms have never been investigated in detail and such a study is clearly out of the scope of this paper. In order to account for these effects in a simple manner, we introduce a new parameter Q, which defines the number of cycles over which the precession remains coherent. In the simulations, the phase of the precession is changed to a new random value after every Q cycles.
Also, since in our scenario both the X-ray and IR QPOs are caused by the geometrical effects associated with precession of the hot flow and the jet, the X-ray oscillation should not be fed to the jet. For this reason and from now on, the X-ray QPO is subtracted from the power spectrum used to generate the fluctuations of Γ. In practice we use the same multi-Lorentzian best fit model of the X-ray PSD as before but with the two QPO features at 0.09 and 0.16 Hz removed (see Fig. 2 ). This new PSD of the fluctuations of Γ − 1 is shown in the top panel of Fig. 9 and compared to the X-ray PSD. As the shape of the SED is sensitive to the input PSD of the fluctuations, we had to change slightly the jet power and jet opening angle in order to ensure that the radio and IR fluxes are matched by the model. The new model parameters are φ = 3.5 • and P j = 0.145L E respectively. In the following we refer to this model as model B. Fig. 9 also shows the IR PSD predicted by ishem for a precession frequency f p = 0.08 Hz and angle ψ = 5 • and Q = 10. One can see that the model IR QPO has an amplitude that is qualitatively consistent with the observations (once the correction for the constant component is applied). This QPO amplitude is also in agreement with the simple analytical estimates presented above. Fig. 10 illustrates the dependence of the synthetic PSD on wavelength. As already discussed in M14 the jet behaves as a low-pass filter gradually removing the fastest variability at longer wavelength. Moreover, as can be seen on Fig. 10 , and as expected, the amplitude of the QPO quickly decreases at longer wavelengths due the damping of the radial component of the shell velocities. At 4.3×10 11 Hz there is no trace of a QPO in the PSD. From Fig. 4 we see that this wavelength is emitted mostly around an elevation of ∼ 10 6 R G . This implies that the precession is already completely damped at this scale and is therefore unlikely to have a significant effect on the radio jet structures observed on the much larger scales of 10 7 -10 9 R G .
The effect of varying Q is illustrated in Fig. 11 , as Q is increased the QPO becomes stronger and narrower because it is more coherent, the data suggest Q ∼ 10. From a fit of the observed IR PSD we find that the quality factor of the observed IR QPO is Q=14±3, which is comparable. Fig. 9 also displays the X-ray vs IR coherence and lag spectra. They are similar to those of the fiducial model A (see Fig. 3 ) despite the slightly different PSD of fluctuations used as input. The absence of low frequency oscillation in the input fluctuations of Γ − 1 reduces the coherence at low frequency, making it closer to the observed coherence. The model lags are slightly more negative at low frequencies. The positive lags measured in the data at the IR and X-ray QPO frequencies are most likely related to the coupling between X-ray and IR QPO and are not expected to be reproduced by the model since the X-ray QPOs are not taken into account.
EXPLORING PARAMETER SPACE
As mentioned above the main driver of the spectral shape is the power spectrum used as input for the jet Lorentz factor fluctuations. The other parameters like the average jet Lorentz factor, the jet opening angle, inclination or the jet kinetic power, change only the normalisation of the SED and shift the SED shape along the frequency axis. This shift of the SED along the frequency axis induces changes in the timing properties observed at a fixed frequency. For instance let us suppose that the jet kinetic power is increased while all the other parameters (includingΓ) are kept constant. The model predicts that the SED shifts towards higher frequency because the energy density in the jet increases. However changing the jet kinetic power has negligible effects on the shell collisions and the (normalised) shock dissipation profile along the jet is practically unchanged. The only difference is that our reference band (let us say the IR band) now probes larger distances in the jet. Therefore we will observe longer time-scales in the IR PSD and lags. In the end, in terms of timing properties, the effect of changing the jet power and observing at a fixed frequency is almost equivalent to observing the jet at different frequencies (as in Fig 10) . The same can be said for most of the model parameters such as the jet opening angle for example. Indeed, when these parameters are varied the fixed observed frequency will probe radiation coming from different regions of the jet and this will affect the timing properties.
Let us now consider a different set of these parameters that produce exactly the same model SED. This is the situation that we have with GX 339-4: we have a fixed observed SED that the model can fit with many different combinations of parameters. In general, the changes in the different parameters combine so that the IR band always probes the same region of the jet and the IR timing properties are unchanged. In other words, there is degeneracy not only in the spectral but also in the timing properties. This is not true of all the parameters however. As we will show in the following, the inclination angle and the average jet Lorentz factor have a deeper effect on the timing properties that can be used to break some of the degeneracies. Therefore, by using simultaneously the timing and spectral data one may constrain not only the basic jet parameters but also the dynamical accretion-ejection coupling processes.
Effects of the inclination angle
The inclination angle i does not affect the intrinsic dynamics of the shells collisions, but it changes the amplitude of the Doppler effects. To illustrate the effects we start from fiducial model B and varied the jet inclination i, in the range 1 • to 85 • . For each value of the inclination, the jet kinetic power was also modified to maintain a good agreement with the spectral data. The 'best fit' parameters are shown in Table 1 (models C1 to C4). The timing results are shown in Fig. 12 .
The apparent time-scales of the fluctuations increase with i like 1 −β cos i, which explains the shift of the PSD break toward low Fourier frequencies at larger inclination that can be seen in the top panel of Fig. 12 . The break frequency in the coherence spectrum follows the evolution of the PSD break. Because the observed time-scales increase with i, the high frequency lags are longer at high inclination. However the shift of the lag spectrum towards lower frequencies combined with the slow decrease of the lag with frequency mean that the lag amplitude is not changed by more than a factor of 2 or so. Finally, the time-lags at high frequency are not very sensitive to i and remains of the order of 100 ms.
We note the significant changes in the amplitude of the low frequency negative phase lags which are close to 0 for face-on and approach −π for edge-on inclinations. This change is due to the different modulation of the IR light curves by the fluctuations of the relativistic Doppler boosting factor δ at different angles. For sin i < 1/Γ, the relativistic Doppler boosting factor δ is correlated with Lorentz factor, Γ, of the ejecta. Since we assumed the X-ray flux scales lin- Figure 12 . Dependence of the timing characteristics on jet inclination The model parameters are shown in Table 1 , models C1 to C4 and B. Table. 1, models D1 to D5 and B. Figure 14 . IR emissivity profiles: dependence on jet Lorentz factor, the different models (colours) corresponds of those of Fig. 13 early with Γ, this will add a positive correlation between Xray and IR light curves which will reduce the low frequency anti-correlation caused by the dips of Γ(t) (see section 3.5), and enhance the positive response of both dips and spikes. This results in the reduction of the negative lags. On the contrary, for sin i > 1/Γ, an anti-correlation is expected between Γ and δ and this makes the lags more negative.
Finally, as expected, the lower inclinations allow for a stronger modulation through jet precession which leads to a more prominent IR QPO.
When qualitatively comparing the different models of Fig. 12 to the data, one can see that the the PSDs obtained for higher inclinations (≥ 40 • ) are closer to the observed IR PSD shape than the prediction obtained for our fiducial inclination of 23 • . Indeed, they have a flatter low frequency component (in f ×PSD representation) and a break at lower frequency. A higher inclination however also leads to a loss of coherence at high Fourier frequencies, this does not fit the high-frequency coherence spectrum as well as the model with i = 23 • . A higher inclination is also energetically demanding as it requires a larger jet power to fit the SED (see Table 1 ). For our fiducial average jet Lorentz factorΓ = 2, the tradeoff between these effects suggests a preferred viewing angle in the approximate range 20 • < i < 40 • .
Effects of jet Lorentz factor
Among the model parameters, the average jet Lorentz factor Γ is the only one which has direct effects on the dynamics of the collisions. Again we start from fiducial model B and check the effects of the time averaged jet Lorentz factor. We calculated models for jet Lorentz factors in the range 1.1-10, for each value of the jet Lorentz factor the jet kinetic power and the jet opening angle are modified to maintain a good agreement with the spectral data. The 'best fit' parameters are shown in Table 1 (models D1 to D5). The timing results are shown in Fig. 13 .
AsΓ increases the apparent time-scales become faster due to the Doppler beaming effects as in the case of a decreased inclination. However at the same time, the shocks gradually take place on larger scales, at a larger distance from the black hole. Indeed, the amplitudes of fluctuations of Γ − 1 have the same fractional amplitude as the X-ray flux. Therefore, whenΓ is increased the amplitude of the fluctuations also increases linearly. However, as the velocity Figure 15 . Dependence of the timing characteristics on jet accretion coupling . The model parameters are shown in Table. 1. The full lines show the results of simulation assuming that the mass of the ejected shells is a constant (models E1 to E3 and B). The dashed lines show the results of simulation assuming that the kinetic jet power does not vary in time (models F1 to F4).
of the ejecta approaches the speed of light, the amplitude of the velocity fluctuations are limited and decrease. Smaller jet velocity fluctuations imply that the collisions occur at larger distances from the black hole and at larger scales. Fig. 14 shows the IR emissivity profiles along the jet for the different jet Lorentz factors. The distance to the peak of the IR emission increases withΓ, by more than 2 orders of magnitude. This counters the Doppler effect and tends to shift the break of the PSD towards lower frequencies asΓ increases.
The dependence of the relativistic Doppler boosting factor on velocity and inclination implies that on long timescales the IR flux is more correlated with the jet Lorentz factor for jet inclinations with respect to the line of sight so that cos i > β. or equivalentlyΓ < 1/sin i. For the inclination of 23 • of the fiducial model this corresponds toΓ < 2.56. Below this limit the jet emission is correlated with Γ and we obtain a lag close to zero at low frequencies. For largerΓ the IR emission is anti-correlated with the fluctuations of Γ and a stronger anti-correlation is observed. At low frequencies, the phase lag is getting gradually closer to -π.
Finally we note that the modulation associated with jet precession becomes stronger at largeΓ as expected from the estimates of section 4.1, and its harmonic content increases as well. The second harmonic of the IR QPO becomes apparent for Γ ≥ 3 in Fig 13. When comparing to the data, larger Lorentz factors predict IR PSDs that are closer to the observation (see e.g. model D4 withΓ = 6). However the effect of larger Lorentz factors is also to reduce the coherence at high frequencies and the coherence spectra is clearly not reproduced forΓ ≥ 3. If in addition, we consider that the harmonic of the IR QPO is not apparent in the data, we can conclude that our results indicateΓ ≤ 3.
Effects of jet disc coupling
Of course the results depend also on the assumed relation between the instantaneous X-ray flux and Lorentz factor. So far we have assumed that Γ − 1 scales linearly with the X-ray flux. We now generalise this by assuming a non-linear relation:
where the fixed exponent g can take any positive or negative value.
In practice we generate a time series L X which has the same power spectrum as the observed X-ray light curve (as described in M14) and then we define the fluctuations of the Lorentz factor as:
where L g X is the time average of L g X . When g differs from unity the rms amplitude of the fluctuations of Γ−1, and even their PSD shape can strongly deviate from that observed in X-ray.
We calculated several models with different values of the g parameter, adjusting the jet power and opening angle in order to keep the SED in agreement with the data as indicated in Table 1 . The results are shown in Fig. 15 .
If the exponent g is positive, increasing g increases the amplitude of jet Lorentz factor fluctuations. As a consequence the rms variability and the coherence increase, especially at high frequencies. Also the high frequency IR time-lag decreases with increasing g because the IR emitting region is closer to the black hole (mostly due to the faster variability). The choice of a negative g implies an anticorrelation between X-rays and jet Lorentz factor Γ. The case g = −1 is shown in Fig 15. The anti-correlation implies that the IR phase lag is shifted by an angle π (compared to g = 1). Fig. 15 also displays similar models in which instead of assuming that the ejected shells have all the same mass, we assume that they all have the same kinetic power (Γ − 1)mc 2 , despite the fluctuations of Γ. Assuming constant jet power amplifies the anti-correlation at low f because an increase in jet Lorentz factor can lead to a larger decrease in IR flux due to the reduced mass/energy densities of the faster shells. On the other hand the high frequency lags are not significantly affected by the choice of this prescription.
Overall models with g ≃ 1 appear to provide better agreement with the data. We note that this may appear in contradiction with the results of M14 who presented synthetic IR light curves and showed that ishem could produce an IR vs X-ray cross-correlation function that is similar to the one observed by C10, including a similar ∼ 100 ms lags under the assumption of g = −1. However in this study the SED was not simultaneously fitted with ishem, and the assumed injected fluctuations of Γ were not fixed by the observed PSD but arbitrarily set with a flicker noise power spectrum extending up to 50 Hz. This causes the different results. In fact, the X-ray PSD of GX 339-4 in the hard state does not extend to such high frequencies. It usually shows a break or cut-off below 10 Hz.
The linear L X ∝ Γ − 1 relation favoured by the data could be interpreted as follows. Let us consider a radiatively efficient accretion flow in which a fraction b of the available accretion power P ac is used for the jet (P j = bP ac ) while the remaining part is radiated with a luminosity P rad . Since the X-ray luminosity is a good tracer of P rad :
where M j is the mass ejection rate. In this case we see that a positive linear connection between X-ray luminosity and Γ-1 would happen if (1/b − 1) M j is a constant (or at least weakly variable on short time-scales). In the context of ishem, this condition is realised in models in which the shells are ejected with a constant mass. Indeed, since we have a uniform ejection time-step, M J is contant when averaged over timesscales longer than the ejection time-step (which is shorter than the time-scales probed by our observations). Together with the linear (g = 1) relation between X-ray luminosity and Γ, this also implies a constant b.
CONCLUSIONS
Overall our results confirm that jet emission powered by internal shocks driven by the variability of the accretion flow are an excellent candidate for the radio to IR emissions of GX 339-4. We have shown that the same model that reproduces the radio IR SED of GX 339-4 predicts IR variability properties that are very similar to those observed in this source. In particular the X-ray vs IR coherence and Fourier lags spectrum are astonishingly well reproduced provided the X-ray flux scales linearly with the fluctuations of the jet Lorentz factor. At high Fourier frequency the variability of the IR light curves is driven by shell collisions occurring close to the base of the jet emitting region. The shell travel time from the disc, as measured in the observers frame, corresponds to the observed 100 ms IR lag. At lower frequencies the IR variability is dominated by the longer time-scale variations of the Lorentz factor. The long time-scale IR fluctuations are roughly related to the time-derivative of the Lorentz factor modulated by fluctuations of the Doppler boosting factor. There is not much room for fine tuning of the model parameters as the observed X-ray PSD determines entirely the shape of the SED, and in large part the IR timing properties of the source. As long as the model parameters are set in order to fit the radio and IR fluxes, the timing properties remain mostly constant, unless the inclination of the jet or the average jet Lorentz factor are varied. The averaged jet Lorentz factor controls the distance scale at which shocks are produced in the jet and this affects the observed time-scales of the variability. The time-scales of the observed IR fluctuations also depend on the inclination i through changes in the Doppler factor. Both inclination and jet Lorentz factor affect the low frequency modulation of the IR light curve through Doppler amplification effects. Depending on i andΓ, the IR light curves and Γ(t) can be either correlated or anti-correlated. The latter could be the cause of the observed negative IR vs X-ray phase lags observed at low Fourier frequencies in GX 339-4. On the other hand, the high frequency IR lags are not dramatically affected and remain of the order of 100 ms, unless the connection between X-ray flux and Γ is strongly non-linear (i.e. g differs from unity). In fact, the 100 ms time-scale is determined mostly by the high Fourier frequencies of the observed X-ray PSD used as input of our model. We have shown that IR QPOs of amplitude comparable to that observed by K16 can be produced by jet precession provided that coherent precession is maintained during ∼ 10 cycles. If the whole jet precessed with the hot flow, this could lead to much larger jet opening angles than observed. However, in the course of the multiple collisions encountered by the shells as they travel down the jet, their velocity vectors average to the direction of the precession axis. Jet precession can therefore be maintained only close to the black hole and does not affect the large scale structure of the jet. As a corollary the model predicts that the amplitude of the QPO should decrease quickly with photon wavelength.
We find the amplitude of the QPO and its harmonic content to be strongly dependent on the jet Lorentz factor and various other geometrical parameters. Future comparisons to data using a combination of accretion flow and jet precession models for the X-ray and IR QPOs could prove extremely constraining for the geometry of the accretion ejection system. The observables to be reproduced include not only the amplitude and profile of both QPOs but also the IR vs X-ray phase lags at the QPO frequencies. In the case of the K16 data, the hot flow precession geometry must allow for a dominant X-ray QPO harmonic. It is far from given that all these features can be simultaneously reproduced in the framework of the precession model.
Although there are many parameter degeneracies, our modelling of the data from K16 suggests the jet is mildly relativistic at most. This is indicated by the absence of a detected harmonics of the IR QPOs. The comparisons of the model predictions to the observed Fourier coherence spectrum also suggest that the average jet Lorentz factorΓ ≤ 3 otherwise the predicted coherence is too low above 1 Hz. The jet average velocity may depend on the luminosity and spectral state as suggested by the recent study of Péault et al. (2018) who used ishem to model the evolution of the SED of the black hole binary MAXI J1836-194 during an outburst and found thatΓ had to be increased from ≃ 1.1 to ≃ 10 while the source evolved from the low-hard to the hard-intermediate X-ray state.
Despite our successful modelling of the IR-X-ray correlations observed in GX 339-4 with ishem, we found that the predicted amplitude of IR variability is significantly larger than that observed. This remains a problem for our model. This may be solved by the presence of an additional constant component, originating either from the disc or the jet itself and dominating the IR flux. It is also possible that radiative cooling, which is not taken into account in the present version of the model would damp the IR fluctuations to a level closer to that observed. These effects will be studied in future works. 
